In this paper, we study biharmonic Riemannian submersions. We first derive bitension field of a general Riemannian submersion, we then use it to obtain biharmonic equations for Riemannian submersions with 1-dimensional fibers and Riemannian submersions with basic mean curvature vector fields of fibers. These are used to construct examples of proper biharmonic Riemannian submersions with 1-dimensional fibers and to characterize warped products whose projections onto the first factor are biharmonic Riemannian submersions.
Introduction
A map φ : (M, g) −→ (N, h) between Riemannian manifolds is a biharmonic map if φ|Ω is a critical point of the bienergy functional E 2 (φ, Ω) = 1 2 Ω |τ (φ)| 2 dv g for every compact subset Ω of M, where τ (φ) = Trace g ∇dφ is the tension field of φ. Using the first variational formula (see [5] ) one obtains the biharmonic map equation
(1) τ 2 (φ) := −△ φ (τ (φ)) − Trace g R N (dφ, τ (φ))dφ = 0, where
is the Laplacian on sections of the pull-back bundle φ −1 T N and R N is the curvature operator of (N, h) defined by
Z. Biharmonic Riemannian submersions were first studied by Oniciuc in [8] where he proved that if a Riemannian submersion φ : (M m , g) −→ (N n , h) has basic tension field, i.e., τ (φ)(p) = τ (φ)(q) provided φ(p) = φ(q), (or the tension field is constant along the fibers), then
In particular, it was proved in [8] that if the tension field τ (φ) of a Riemannian submersion φ : (M m , g) −→ (N n , h) is a unitary Killing vector field on N, then it is a biharmonic map.
The biharmonic map equations for a more general class of maps, i.e., conformal submersions (or even more generally, horizontally weakly conformal maps), were obtained independently in [1] and [6] . As an application of these equations, a family of biharmonic Riemannian submersions were constructed in [6] . Later in [12] , biharmonic Riemannian submersions from 3-dimensional spaces with 1-dimensional fibers were studied using the so-called integrability data. It was proved in [12] that a Riemannian submersion from a 3-dimensional space form onto a surface is biharmonic if and only if it is harmonic, i.e., the fibers have to be totally geodesic.
In a recent paper [4] , the authors found many examples of biharmonic Riemannian submersions in their study of generalized harmonic morphisms which are maps bewteen Riemannian manifolds that pull back local harmonic functions to local biharmonic functions. Example 1. (see [4] for details) The map φ :
3 , x 4 ) is a proper biharmonic Riemannian submersion with the mean curvature vector field of fibers being basic vector field. In fact, using cylindrical coordinates (r, θ, ϕ, x 4 ) the Riemannian submersion can be expressed as φ(r, θ, ϕ, x 4 ) = (r, x 4 ), and the tension field of the Riemannian submersion is τ (φ) = dφ( Example 2. (see [4] for details) Let R 2 + = {(x, y) ∈ R 2 : y > 0} denote the upper-half plane and C be a positive constant. Then the Riemannian submersion defined by the projection of the warped product , which is basic.
Note that there are many Riemannian submersions ( e.g., those given by the projections of a twisted product onto its first factor studied in Corollary 3.2) whose mean curvature vector fields are not basic.
In this paper, we study biharmonicity of a general Riemannian submersion. We first derive the bitension field of a general Riemannian submersion, we then use it to obtain biharmonic equations for Riemannian submersions with 1-dimensional fibers generalizing a result in [12] and Riemannian submersions with basic mean curvature vector fields of fibers. These are used to construct examples of proper biharmonic Riemannian submersions with 1-dimensional fibers and to characterize warped products whose projections onto the first factor are biharmonic Riemannian submersions.
Biharmonic equations for Riemannian submersions
Biharmonic equations for Riemannian submersions can be obtained as a special case of biharmonic equations for conformal submersion obtained in [1] and [6] . However, the equation obtained this way seems to be hard to apply. For the convenience of applications, we first derive the following form of the bitension field of a Riemannian submersion and then use it to obtain biharmonic equation for Riemannian submersions with 1-dimensional fibers or with basic mean curvature vector field of fibers.
) be a Riemannian submersion between Riemannian manifolds, then the bitension field of φ is given by
where {e i , e s } i=1,...,n,s=1,...,m−n is a local orthonormal frame on the total space M with e i horizontal and e s vertical, µ =
H is the mean curvature vector field of the fibers of the Riemannian submersion.
Proof. It is well known (see e.g., [2] , Lemma 4.5.1) that for a Riemannian submersion φ : (M m , g) −→ (N n , h) and any horizontal vector fields X, Y and vertical vector fields * AND YE-LIN OU * * V, W , we have
One can easily check that the tension field of the Riemannian submersion is given by
By the definition of the second fundamental form of the map φ and (3) we have
For vertical vector field e s on M, since µ is horizontal, we have
. (7) Using (7) and (3), we have
Finally, the curvature term in the bitension field formula for a Riemannian submersion becomes
Substituting (5), (6), (8), (9), and (10) into the bitension field formula we have (11) from which the theorem follows.
) be a Riemannian submersion with basic mean curvature vector field of the fibers. Then it is biharmonic if and only if
H is the mean curvature of the fibers of the Riemannian submersion.
Proof. It is well known (see e.g., [7] ) that for a basic vector field X and a vertical vector field V of a Riemannian submersion, [X, V ] is vertical and hence dφ([X, V]) = 0. From this and Theorem 2.1 we obtain the corollary.
Notice that for any basic vector fields X, Y of a Riemannian submersion φ : (M m , g) −→ (N n , h), i.e., horizontal vector fields that are φ-related to vector fieldsX,Ȳ which means dφ(X) =X and dφ(Y ) =Ȳ . In this case, it is well known (see e.g., [7] 
Since we can always choose a local orthonormal frame {e i , e s } adapted to a Riemannian submersion so that {e i : i = 1, 2, . . . , n} are basic vector fields, we can use Corollary 2.2 and (12) to have the following
Remark 1. One can check that the notion of "the tension field of a Riemannian submersion being basic" defined in [8] is equivalent to the mean curvature vector field of the fibers of the Riemannian submersion being basic. Thus, our Corollary 2.3 recovers Theorem 4.1 in [8] .
defined by the projection of a warped product onto its first factor is biharmonic if and only if
where grad and ∆ are the gradient and the Laplace operators on (M m , g M ). * AND YE-LIN OU * *
Proof. First of all, one can easily see that if λ is constant, then the Riemannian submersion φ is harmonic since it has minimal fibers. In this case, we also have (14). Now suppose that λ is not constant. Let P = (M × N, g M + e 2λ g N ) be the warped product of (M m , g M ) and (N n , g N ) with the warping function f = e λ . We denote by ∇ P , ∇ M and ∇ N the connections of the warped product (P, g = g M + e 2λ g N ), the base (M m , g M ) and the fiber (N n , g N ) spaces respectively. Then we have
where for all X, Y ∈ X(M) and V, W ∈ X(N).
Let {e 1 , ..., e m , e m+1 , ..., e m+n } be a local orthonormal frame on the warped product P = (M × N, g M + e 2λ g N ) such that {e 1 , ..., e m } are horizontal and {e m+1 , ..., e m+n } are vertical. Clearly this orthonormal frame is adapted to the Riemannian submersion φ. Using (15) we obtain the tension field of the Riemannian submersion
where the last equality was obtained by using the fact that φ is a projection and hence dφ(X) = X for any horizontal vector field X.
Clearly, in this case, the mean curvature vector field µ = −gradλ of the fibers of the Riemannian submersion is basic. So, by Corollary 2.3 and (16), the Riemannian submersion φ is biharmonic if and only if
We can check (see e.g., [1] ) that
On the other hand, it is the well known (see e.g., [9] ) that
Substituting (18) and (19) into (17) we obtain Equation (14), which completes the proof of the theorem.
Remark 2. It is interesting to note that in their study of biharmonic maps from warped product manifolds, Balmus-Montaldo-Oniciuc [3] introduced the notion of biharmonic warping function defined to be a warping function f so that the identity map Id :
Id(x, y) = (x, y) is a proper biharmonic map for some manifold N of dimension greater than zero. They also proved that the projection
is proper biharmonic if and only if
(ii) Note also that the biharmonic equation for the projection of a warped product in the form of (13) was obtained in [10] as in this case the mean curvature vector field of the Riemannian submersion is basic. So our Theorem 2.4 gives an improvement of the equation obtained in [10] .
where C is a constant and ∆ is the Laplace operator on (M m , g M ).
Proof. If (M m , g M ) is an Einstein Manifold with Ricci M = a g M , then one can easily check that Ricci M (gradλ) = a gradλ. Substituting this into (14) we conclude that the Riemannian submersion
defined by the projection of a warped product onto its first factor is biharmonic if and only if grad ∆λ + 2aλ + n 2 |gradλ| 2 = 0, from which we obtain the corollary.
Corollary 2.6. The Riemannian submersion
defined by the projection of a warped product onto a compact manifold with negative Ricci curvature is biharmonic if and only if it is harmonic. * AND YE-LIN OU * * Proof. By Theorem 2.4, the Riemannian submersion
On the other hand, it is well known that for any function λ on M, we have the following Bochner formula 1 2 ∆|grad λ| 2 = |∇d λ| 2 + grad λ, grad ∆λ + Ricci M (grad λ, grad λ).
Substituting the term grad ∆λ from (22) into the Bochner formula we have
If λ is constant, then the Riemannian submersion is harmonic and the corollary follows. Now suppose λ is not a constant, then, since M is compact the function |∇d λ| 2 attains its maximum at some point p ∈ M. Evaluating both sides of Equation (23) at the point p we see that the right-hand side is positive by the fact that (grad |gradλ| 2 )(p) = 0 and the assumption of negative Ricci curvature whilst the left-hand side is non-positive since the Laplacian being the trace of the Hessian of |grad λ| 2 , which is semi-negative definite at p. The contradiction shows that λ has to be a constant on M. This completes the proof of the corollary.
Example 3. For any constants
given by the projection of a warped product onto its first factor is a proper biharmonic map. In particular, the projections
are both biharmonic Riemannian submersions.
In fact, since the base manifold is an open submanifold of a Euclidean space which is an Einstein space with a = 0, we use this and Equation (21) with n = 1 to conclude that the Riemannian submersion π is biharmonic if and only if
where the Laplacian and the gradient operators are defined by the Euclidean metric. If we look for the special solutions of the form λ = − n i=1
, then a straightforward computation shows that Equation (24) is equivalent to
, one can easily check that (25) is equivalent to
which can be solved by the following cases.
Case I. For C i = 0, we solve (26) to have solutions
> 0 with constant a i > 0, then it is easily chcked that (26) can be solved to have
for some constant b i .
From these, we obtain the example.
Biharmonic Riemannian submersions with 1-dimensional fibers
In this section, we will follow the idea from [12] to describe biharmonicity of a Riemannian submersion with 1-dimensional fibers from a generic (n + 1)-manifold by using the integrability data of a special orthonormal frame adapted to a Riemannian submersion. We also use the biharmonic equation derived to study biharmonicity of a Riemannian * AND YE-LIN OU * * submersion defined by the projection of a twisted product onto it first factor. Let φ : (M n+1 , g) −→ (N n , h) be a Riemannian submersion. A local orthonormal frame is said to be adapted to the Riemannian submersion φ if the vector fields in the frame that are tangent to the horizontal distribution are basic (i.e., they are φ-related to a local orthonormal frame in the base space). Such a frame always exists (cf. e.g., [2] ). Let {e 1 , . . . , e n , e n+1 } be an orthonormal frame adapted to φ with e n+1 being vertical. Then, it is well known (see [7] ) that [e i , e n+1 ] (i = 1, 2, . . . , n) are vertical and [e i , e j ] (i, j = 1, 2, . . . , n) are φ-related to [ε i , ε j ], where {ε i , . . . , ε n } is an orthonormal frame in the base manifold. If we assume that (27) [
[e i , e j ] = f k ij e k − 2σ ij e n+1 , i, j = 1, 2, . . . , n, where κ i , and σ ij ∈ C ∞ (M). We will call {f k ij , κ i , σ ij } the integrability data of the adapted frame of the Riemannian submersion φ. It follows from (28) that
) be a Riemannian submersion with the adapted frame {e 1 , . . . , e n+1 } and the integrability data {f k ij , κ i , σ ij }. Then, the Riemannian submersion φ is biharmonic if and only if
where
for all i, j, k = 1, 2, · · · , n and ∆ denotes the Laplacian of (M n+1 , g).
Then, one can easily check that
A straightforward computation using (28) and Koszul formula gives ∇ e i e j = P k ij e k − σ ij e n+1 for any i, j = 1, 2, · · · , n, (32)
The mean curvature vector field of the fibers of the Riemannian submersion φ is given by
A straightforward computation using (28), (32), (33) and (34) yields
Using these and Theorem 2.1 we conclude that the Riemannian submersion φ is biharmonic if and only if
+Ricci N (dφ(µ), dφ(e k )) = 0, k = 1, 2, . . . , n since {dφ(e k )| k = 1, 2, . . . , n} is an orthonormal frame on φ −1 T N. Finally, a straightforward computation of the Laplacian ∆κ k shows that Equation (42) is equivalent to the following ∆κ k + n i,j=1
N (dφ(µ), dφ(e k )) = 0, k = 1, 2, . . . , n, from which we obtain the theorem.
Remark 3. One can check that when n = 2, the integrability data is given by 2 ) = 0. This is exactly Proposition 2.1 in [12] of which our Theorem 3.1 gives a generalization. Corollary 3.2. Let g 0 be the standard Euclidean metric on R n . Then, the Riemannian submersion defined by the projection of the twisted product φ : (R n × R, g 0 + e 2λ(x,t) dt 2 ) → (R n , g 0 ), φ(x, t) = x is biharmonic if and only if its tension field viewed as a map (45) τ (φ) : (R n × R, g 0 + e 2λ(x,t) dt 2 ) −→ R n , τ (φ)(x, t) = (κ 1 (x, t), κ 2 (x, t), . . . , κ n (x, t))
is harmonic, where τ (φ) = n i=1 κ i (x, t)dφ(e i ) is the tension field of the Riemannian submersion with respect to an adapted frame.
